Introduction {#Sec1}
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                \begin{document}$$\mathbb {R}$$\end{document}$. It has been an active field of study in probability since the original paper by Skorokhod \[[@CR39]\], see Obłój \[[@CR29]\] for an account. One of the most natural ideas for a solution is to consider $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ there exists a *barrier*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\sigma _{\mathcal {R}}=\inf \{t: (t,B_t)\in \mathcal {R}\}$$\end{document}$. The barrier is (essentially) unique, as argued by Loynes \[[@CR26]\].

Root's solution enjoys a fundamental optimality property, established by Rost \[[@CR38]\], that it minimises the variance of the stopping time among all solutions to the SEP. More generally, $\documentclass[12pt]{minimal}
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                \begin{document}$$B_\sigma \sim B_{\sigma _{\mathcal {R}}}$$\end{document}$. This led to a recent revival of interest in this construction in the mathematical finance literature, where optimal solutions to SEP are linked to robust pricing and hedging of derivatives, see Hobson \[[@CR22], [@CR23]\]. More precisely, optimality of the Root solution translates into lower bounds on prices of options written on the realised volatility. A more detailed analysis of this application in the single marginal setting can be found in Cox and Wang \[[@CR13]\]. In the financial context, the results in this paper allow one to incorporate information contained in call prices at times before the maturity time of the option on realised variance, as well as the call options which have the same maturity as the variance option.

In recent work Cox and Wang \[[@CR14]\] show that the barrier $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}$$\end{document}$ may be written as the unique solution to a Free Boundary Problem (FBP) or, more generally, to a Variational Inequality (VI). This yields directly its representation by means of an optimal stopping problem. This observation was the starting point for our study here. Subsequently, Gassiat et al. \[[@CR20]\] used analytic methods based on the theory of viscosity solutions to extend Root's existence result to the case of general, integrable starting and target measures satisfying the convex ordering condition. Using methods from optimal transport, Beiglböck et al. \[[@CR3]\] have also recently proved the existence and optimality of Root solutions for one-dimensional Feller processes and, under suitable assumptions on the target measure, for Brownian motion in higher dimensions.

The first contribution of our paper is to show that one can obtain the barrier $\documentclass[12pt]{minimal}
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Beyond the conceptual interest in deriving the Root solution from the optimal stopping formulation, the new perspective enables us to address the long--standing question of extending the Root solution of the Skorokhod embedding problem to the multiple-marginals case, i.e. given a non-decreasing (in convex order) family of *n* probability measures $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{.\wedge \sigma _n}$$\end{document}$ is uniformly integrable. Our second contribution, and the main result of the paper, provides a complete characterisation of such a solution to the SEP which extends the Root solution in the sense that it enjoys the following two properties:First, the stopping times are defined as hitting times of a sequence of barriers, which are completely characterized by means of a recursive sequence of optimal stopping problems;Second, similar to the one-marginal case, we prove that our solution of the multiple marginal SEP minimizes the expectation of any non-decreasing convex function of $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{\rho _i} \sim \mu _i$$\end{document}$.It is well known that solutions to the multiple marginal SEP exist if and only if the measures are in convex order, however finding optimal solutions to the multiple marginal SEP is more difficult. While many classical constructions of solutions to embedding problems can, in special cases, be ordered (see \[[@CR27]\]), in general the ordering condition is not satisfied except under strong conditions on the measures. The first paper to produce optimal solutions to the multiple marginal SEP was Brown et al. \[[@CR8]\], who extended the single marginal construction of Azéma and Yor \[[@CR2]\] to the case where one intermediate marginal is specified. More recently, Obłój and Spoida \[[@CR31]\] and Henry-Labordère et al. \[[@CR21]\] extended these results to give an optimal construction for an arbitrary sequence of *n* marginals satisfying a mild technical condition.

There are also a number of papers which make explicit connections between optimal stopping problems and solutions to the SEP, including Jacka \[[@CR24]\], Peskir \[[@CR33]\], Obłój \[[@CR30]\] and Cox et al. \[[@CR12]\]. In these papers, the key observation is that the optimal solution to the SEP can be closely connected to a particular optimal stopping problem; in all these papers, the *same* stopping time gives rise to both the optimal solution to the SEP, and the optimal solution to a related optimal stopping problem. In this paper, we will see that the key connection is not that the same stopping time solves both the SEP and a related optimal stopping problem, but rather that there is a time-reversed optimal stopping problem which has the same stopping region as the SEP, and moreover, the value function of the optimal stopping problem has a natural interpretation in the SEP. The first paper we are aware of to exploit this connection is McConnell \[[@CR28]\], who works in the setting of the solution of Rost \[[@CR37]\] and Chacon \[[@CR10]\] to the SEP (see also \[[@CR13], [@CR20]\]), and uses analytic methods to show that Rost's solution to the SEP has a corresponding optimal stopping interpretation. More recently[1](#Fn1){ref-type="fn"} De Angelis \[[@CR16]\] has provided a probabilistic approach to understanding McConnell's connection, using a careful analysis of the differentiability of the value function to deduce the embedding properties of the SEP; both the papers of McConnell and De Angelis also require some regularity assumptions on the underlying measures in order to establish their results. In contrast, we consider the Root solution to the SEP. As noted above, a purely analytic connection between Root's solutions to the SEP and a related (time-reversed) optimal stopping problem was observed in Cox and Wang \[[@CR14]\]. In this paper, we are not only able to establish the embedding problems based on properties of the related optimal stopping problem, but we are also able to use our methods to prove new results (in this case, the extension to multiple marginal solutions, and characterisation of the corresponding stopping regions), without requiring any assumptions on the measures which we embed (beyond the usual convex ordering condition).

The paper is organized as follows. Section [2](#Sec2){ref-type="sec"} formulates the multiple marginals Skorokhod embedding problem, reviews the Root solution together with the corresponding variational formulation, and states our optimal stopping characterization of the Root barrier. In Sect. [3](#Sec6){ref-type="sec"}, we report the main characterisation of the multiple marginal solution of the SEP, and we derive the corresponding optimality property. The rest of the paper is devoted to the proof of the main results. In Sect. [4](#Sec9){ref-type="sec"}, we introduce some important definitions relating to potentials, state the main technical results, and use these to prove our main result regarding the embedding properties. The connection with optimal stopping is examined in Sect. [5](#Sec10){ref-type="sec"}. Given this preparation, we report the proof of the main result in Sect. [6](#Sec14){ref-type="sec"} in the case of locally finitely supported measures. This is obtained by means of a time reversal argument. Finally, we complete the proof in the case of general measures in Sect. [7](#Sec18){ref-type="sec"} by a delicate limiting procedure.

*Notation and standing assumptions* In the following, we consider a regular, time-homogenous, martingale diffusion taking values on an interval $\documentclass[12pt]{minimal}
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                \begin{document}$$(Y_t)$$\end{document}$ to denote the diffusion process. While *X* and *Y* denote the same object, the double notation allows us to distinguish between two interpretations: with a fixed reference time--space domain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}_+ \times \mathbb {R}$$\end{document}$, we think of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X_t)$$\end{document}$ as starting in (*t*, *x*) and *running forward in time* and of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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We suppose that the diffusion coefficient is $\documentclass[12pt]{minimal}
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We will also frequently want to restart the space-time process, given some stopped distribution in both time and space, and we will write $\documentclass[12pt]{minimal}
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The Root solution of the Skorokhod embedding problem {#Sec2}
====================================================

Definitions {#Sec3}
-----------
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### Proof {#FPar5}
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Root's solution and its PDE characterisation {#Sec4}
--------------------------------------------

The main result of Root \[[@CR36]\] is the following.

### Theorem 2.5 {#FPar6}
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The first significant generalisation of this result is due to Root \[[@CR38]\] who showed that the result generalised to transient Markov processes under certain conditions. The condition that the probability measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _1$$\end{document}$ has finite second moment has only very recently been further relaxed to the more natural condition that the measure has a finite first moment. This was first achieved by Gassiat et al. \[[@CR20]\], who have extended Root's result to the case of one-dimensional (time-inhomogeneous) diffusions using PDE methods. The result was also obtained by Beiglböck \[[@CR3]\] using methods from Optimal Transport theory.

### Remark 2.6 {#FPar7}

Loynes \[[@CR26]\] showed, as used above in Lemma [2.4](#FPar4){ref-type="sec"}, that in Theorem [2.5](#FPar6){ref-type="sec"} the barrier can be taken to be regular and is then unique.

We next recall the recent work of Cox and Wang \[[@CR14]\] and Gassiat et al. \[[@CR20]\]. For a function $\documentclass[12pt]{minimal}
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### Theorem 2.7 {#FPar8}

(\[[@CR14], Theorem 4.2\] and \[[@CR20], Theorem 2\]) Let $\documentclass[12pt]{minimal}
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In Cox and Wang \[[@CR14]\], the solution to the variational inequality was determined as a solution in an appropriate Sobolev space, while Gassiat et al. \[[@CR20]\] show that the solution can be understood in the viscosity sense.

Optimal stopping characterisation {#Sec5}
---------------------------------

The objective of this paper is to provide a probabilistic version of the last result, and its generalisation to the multiple marginal problem. Our starting point is the classical probabilistic representation of the solution to ([2.10](#Equ11){ref-type=""}) as an optimal stopping problem. Define nowwhere $\documentclass[12pt]{minimal}
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### Theorem 2.8 {#FPar9}
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Multiple marginal Root solution of the SEP: main results {#Sec6}
========================================================

Iterated optimal stopping and multiple marginal barriers {#Sec7}
--------------------------------------------------------

In order to extend the Root solution to the multiple marginals SEP$\documentclass[12pt]{minimal}
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Our main result shows that the same barriers used to stop the process running forward in time:$$\documentclass[12pt]{minimal}
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Finally, it will be useful to introduce the (time--space) measures on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}$$\end{document}$ defined for all Borel subsets *A* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}$$\end{document}$ by:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \xi ^k[A] := \mathbb {P}^{\mu _0}\big [(\sigma _{k},X_{\sigma _{k}}) \in A\big ],&k=0,\ldots ,n.&\end{aligned}$$\end{document}$$We are now ready to state our main result, which includes Theorem [2.8](#FPar9){ref-type="sec"} as a special case.

### Theorem 3.1 {#FPar10}
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                \begin{document}$$\begin{aligned} u^k(t,x) = -\mathbb {E}^{\mu _0} \big | X_{t \wedge \sigma _k} - x\big |,&\hbox {for all}&t \ge 0,~x \in {\bar{\mathcal {I}}},~k=1,\ldots ,n. \end{aligned}$$\end{document}$$

Our proof will proceed by induction. Its main ingredients will be summarised in Sect. [4](#Sec9){ref-type="sec"}.

### Remark 3.2 {#FPar11}

In general, explicit examples of Root-type solutions to the SEP (and by extension, its multi-marginal version) are hard to find. In fact, to the best of our knowledge, even for the one-marginal problem in a standard Brownian setting, the only cases where an explicit barrier can be computed are measures supported on two points and Gaussian marginals. In some cases, the barrier can be characterised as the solution to an integral equation, see Gassiat et al. \[[@CR19]\]. As a result, numerical methods seem to be the only viable approach for explicit computation of Root-type barriers. A natural consequence of Theorem [3.1](#FPar10){ref-type="sec"} is that numerical approaches to the multiple stopping problem can be used to find solutions to the SEP.

Optimality {#Sec8}
----------

In this section, we show optimality of the constructed *n*-fold Root solution of the multiple marginal Skorokhod embedding problem. We recall the main ingredients of our embedding defined in ([3.1](#Equ14){ref-type=""})--([3.3](#Equ16){ref-type=""}). We also denote $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{t}^k:=\overline{t}_{\mathcal {R}^k}$$\end{document}$. Define the set of all solutions to SEP$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\pmb {\mu }}_n)$$\end{document}$ in ([2.7](#Equ8){ref-type=""}):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {T}({\pmb {\mu }}_n):= & {} \big \{\rho =(\rho _1,\ldots ,\rho _n)\in \mathcal {T}^n:~\rho _1\le \cdots \le \rho _n,~\hbox {and}~X_{\rho _i}\sim \mu _i, ~i=1,\ldots ,n \big \}. \end{aligned}$$\end{document}$$For a given function $\documentclass[12pt]{minimal}
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### Theorem 3.3 {#FPar12}
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                \begin{document}$$\begin{aligned} \sigma \in \mathcal {T}({\pmb {\mu }}_n) ~~\hbox {and}~~ \mathbb {E}^{\mu _0}\Big [\int _0^{\sigma _n}f(t)dt\Big ] \;\le \; \mathbb {E}^{\mu _0}\Big [\int _0^{\rho _n}f(t)dt\Big ]&\hbox {for all}&\rho \in \mathcal {T}(\mathbf {{\pmb {\mu }}}_n). \end{aligned}$$\end{document}$$

The above remains true for any stopping times $\documentclass[12pt]{minimal}
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Similar to many proofs of optimality of particular solutions to SEP, see e.g. Hobson \[[@CR23]\], Cox et al. \[[@CR12]\] and Henry-Labordère et al. \[[@CR21]\], at the heart of our argument lies identification of a suitable pathwise inequality. Interpreting ([3.5](#Equ18){ref-type=""}) as an iterated Martingale Optimal Transport problem, the pathwise inequality amounts to an explicit identification of the dual optimiser in the natural Kantorovich-type duality. Our inequality is inspired by the one developed by Cox and Wang \[[@CR14]\].

For all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(t,x)\in \mathbb {R}_+\times {\bar{\mathcal {I}}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=n,\ldots ,0$$\end{document}$, we introduce the functions$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\varphi _{n+1}(t,x) :=f(t),&\varphi _k(t,x) :=\mathbb {E}^{t,x}\big [\varphi _{k+1}\big (\sigma _{\mathcal {R}^k},X_{\sigma _{\mathcal {R}^k}}\big )\big ],\\&\phi _k(x) :=\int _{0}^x \varphi _k(0,y)\eta (y)^{-2} dy,&\psi (x) := 2\int _0^x \int _0^y \eta (z)^{-2} \,dz. \end{aligned}$$\end{document}$$Our main result below involves the following functions:

### Lemma 3.4 {#FPar13}

Let *f* be a non-negative non-decreasing function. Then for all $\documentclass[12pt]{minimal}
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The proof of the above inequality is entirely elementary, even if not immediate, and is reported in "Appendix A". The optimality in Theorem [3.3](#FPar12){ref-type="sec"} then essentially follows by evaluating the above on stopped paths $\documentclass[12pt]{minimal}
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                \begin{document}$$(\rho _i, X_{\rho _i})$$\end{document}$ and taking expectations. Technicalities in the proof are mainly related to checking suitable integrability of various terms and the proof is also reported in "Appendix A".

Finally, we note that the above pathwise inequality could be evaluated on paths of arbitrary martingale and, after taking expectations, would lead to a martingale inequality. The inequality would be sharp in the sense that we have equality for *X* stopped at $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$ in ([3.3](#Equ16){ref-type=""}). This method of arriving at martingale inequalities is linked to the so-called Burkholder method, see e.g. Burkholder \[[@CR9]\], and has been recently exploited in number of works, see e.g. Acciaio et al. \[[@CR1]\], Beiglböck and Nutz \[[@CR4]\] and Obłój et al. \[[@CR32]\].

The inductive step {#Sec9}
==================

In this section we outline the main ideas behind the proof of Theorem [3.1](#FPar10){ref-type="sec"}. The proof proceeds by induction. At the end of each step in the induction, we will determine a stopping time $\documentclass[12pt]{minimal}
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We now introduce the precise definitions. The measure $\documentclass[12pt]{minimal}
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We now show that Theorem [3.1](#FPar10){ref-type="sec"} follows from Theorem [4.1](#FPar14){ref-type="sec"}.

Proof of Theorem 3.1 {#FPar15}
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The rest of this paper is dedicated to the proof of Theorem [4.1](#FPar14){ref-type="sec"}. The following result isolates the main steps needed for this.
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Remark 4.4 {#FPar19}
----------

Observe that the regularity of the barrier can now be seen as an easy consequence of Lemma [4.2](#FPar16){ref-type="sec"}. Suppose (in the setting of Theorem [4.1](#FPar14){ref-type="sec"}), we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^{\beta } = v^{\xi ^\beta }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^\beta (t,.) \rightarrow U^\beta $$\end{document}$ pointwise as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \rightarrow \infty $$\end{document}$. From ([4.6](#Equ26){ref-type=""}), ([4.2](#Equ22){ref-type=""}) and applying monotone convergence to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {E}^{\xi }\left[ L_{t \wedge \sigma _{\mathcal {R}^\beta }}^x\right] $$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \rightarrow \infty $$\end{document}$, we deduce that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {E}^{\xi }\left[ L_{\sigma _{\mathcal {R}^\beta }}^x\right] = U^{\alpha ^\xi }(x) - U^\beta (x) = -w^\beta (x). \end{aligned}$$\end{document}$$Now suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(t,x) \not \in \mathcal {R}^\beta $$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathbb {E}^{\xi }\left[ L_{\sigma _{\mathcal {R}^\beta }}^x\right] =-w^\beta (x)>(v^\xi -u^\beta )(t,x)=(v^\xi -v^{\xi ^\beta })(t,x)= \mathbb {E}^{\xi }\left[ L_{t\wedge \sigma _{\mathcal {R}^\beta }}^x\right] $$\end{document}$, by ([4.6](#Equ26){ref-type=""}). In view of Remark [2.3](#FPar3){ref-type="sec"}, this shows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}^\beta $$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$-regular.

Stopped potential and the optimal stopping problem {#Sec10}
==================================================

Properties of the stopped potential function {#Sec11}
--------------------------------------------

The following lemma provides some direct properties of the stopped potential. Recall the definition $\documentclass[12pt]{minimal}
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### Lemma 5.1 {#FPar20}
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### Proof {#FPar21}
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### Proof {#FPar23}

In this proof we will want to take expectations with respect to both the *X* and *Y* processes at the same time; we will assume that these are defined on a product space, where the processes are independent. Then we will denote expectation with respect to the *X* process alone by $\documentclass[12pt]{minimal}
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The optimal stopping problem {#Sec12}
----------------------------
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### Lemma 5.5 {#FPar27}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\xi \in \mathcal {T}$$\end{document}$ with corresponding time--space distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\alpha ^\xi }\preceq _{\mathrm{cx}} \beta $$\end{document}$. Then:(i)the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^\beta $$\end{document}$ is 1-Lipschitz-continuous in *x*, non-increasing and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^{\beta }$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{1}{2}$$\end{document}$-Hölder-continuous in *t*, and there is a constant *C* which is independent of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|u^\beta (t,x) - u^\beta (t',x)| \le C(1+|x|)\sqrt{|t-t'|}$$\end{document}$;(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^\beta -v^\xi $$\end{document}$ is non-increasing in *t*; in particular, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^\beta $$\end{document}$ is non-increasing in *t* and concave in *x*;(iii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^\beta (0,.) = {U^{\mu _{0}}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U^\beta \le v^\xi + w^\beta \le u^\beta \le v^\xi $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^\beta (t,.) \searrow U^\beta $$\end{document}$ pointwise as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \nearrow \infty $$\end{document}$.
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Existence and basic properties of the barrier {#Sec13}
---------------------------------------------

We denote the barrier function corresponding to the regular barrier $\documentclass[12pt]{minimal}
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### Corollary 5.6 {#FPar29}
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### Proof {#FPar30}
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Locally finitely supported measures {#Sec14}
===================================
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Preparation {#Sec15}
-----------

We start with two preliminary results which play crucial roles in the next section where we establish the main result for finitely supported measures. The first result is the key behind the time-reversal methodology which underpins the main results, see Sect. [3.1](#Sec7){ref-type="sec"}. Here, we give a natural proof in the case where $\documentclass[12pt]{minimal}
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We now prove an important consequence of the above result, which will form the basis of an induction argument.

### Lemma 6.2 {#FPar36}
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### Proof {#FPar37}

In view of Remark [4.3](#FPar18){ref-type="sec"}, and the continuity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v^{\xi ^\beta }-u^\beta $$\end{document}$, it is sufficient to show that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&v^\xi (t,x) - u^{\beta }(t,x) +u^{\beta }(t_0,x) - v^\xi (t_0,x)\nonumber \\&\quad = \mathbb {E}^{\xi }\left[ L_{t\wedge \sigma _{\mathcal {R}^\beta }}^x\right] - \mathbb {E}^{\xi }\left[ L_{t_0\wedge \sigma _{\mathcal {R}^\beta }}^x\right] ~\hbox {for}~t \ge t_0,~x \in (a,b). \end{aligned}$$\end{document}$$We fix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in (a,b)$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[t_0,\infty ]\times \{a,b\}\subset \mathcal {R}^\beta $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(0,\infty )\times (a,b)\cap \mathcal {R}^\beta = \emptyset $$\end{document}$, we have the decomposition$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {E}^{\xi }\left[ L_{t\wedge \sigma _{\mathcal {R}^\beta }}^x\right] - \mathbb {E}^{\xi }\left[ L_{t_0\wedge \sigma _{\mathcal {R}^\beta }}^x\right]= & {} \mathbb {E}^{\xi }\left[ \big (L_{t \wedge \sigma _{\mathcal {R}^\beta }}^x - L_{t_0 \wedge \sigma _{\mathcal {R}^\beta }}^x\big ) \mathbf{1}_{\{T_{\xi }< t_0\}}\right] \nonumber \\&\qquad {}+ \mathbb {E}^{\xi }\left[ \big (L_{t \wedge \sigma _{\mathcal {R}^\beta }}^x-L_{T_{\xi }\wedge t}^x\big ) \mathbf{1}_{\{t_0 \le T_\xi< t, X_{T_\xi } \in (a,b)\}} \right] \nonumber \\= & {} \mathbb {E}^{\xi }\left[ \big (L_{t \wedge \sigma _{\mathcal {R}^\beta }}^x - L_{t_0 \wedge \sigma _{\mathcal {R}^\beta }}^x\big ) \mathbf{1}_{\{T_{\xi }< t_0<\sigma _{\mathcal {R}^\beta }\}}\right] \nonumber \\&\qquad {}+ \mathbb {E}^{\xi }\left[ \big (L_{t \wedge H_{a,b}}^x-L_{T_{\xi }\wedge t}^x\big ) \mathbf{1}_{\{t_0 \le T_\xi < t, X_{T_\xi } \in (a,b)\}} \right] \nonumber \\= & {} \int _{(a,b)}\!\! \mathbb {E}^{(t_0,y)}\left[ L_{t\wedge H_{a,b}}^x\right] \!m(dy)\nonumber \\&\quad + \!\!\int _{[t_0,t]} \int _{(a,b)} \!\!\mathbb {E}^{(s,y)}\left[ L_{t\wedge H_{a,b}}^x\right] \!\xi (ds,dy), \end{aligned}$$\end{document}$$where we introduced the measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m(dy):=\mathbb {P}^{\xi }\left[ X_{t_0} \in dy, T_\xi< t_0 < \sigma _{\mathcal {R}^\beta }\right] $$\end{document}$, and used the fact that, conditional on starting in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{t_0\} \times (a,b)$$\end{document}$, the stopping times $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _{\mathcal {R}^\beta }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{a,b}$$\end{document}$ are equal (and starting on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{t_0\} \times (a,b)^\complement $$\end{document}$, we never hit *x* before $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _{\mathcal {R}^\beta }$$\end{document}$). Observe that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y \in (a,b)$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} m(dy) + \xi (dy; s \ge t_0)= & {} \mathbb {P}^{\xi }\left[ X_{t_0} \in dy, T_\xi< t_0 < \sigma _{\mathcal {R}^\beta }\right] + \mathbb {P}^{\xi }\left[ X_{T_\xi } \in dy, T_{\xi } \ge t_0\right] \nonumber \\= & {} \mathbb {P}^{\xi }\left[ X_{(t_0\wedge \sigma _{\mathcal {R}^\beta }) \vee T_{\xi }} \in dy\right] \;=:\; \lambda (dy), \end{aligned}$$\end{document}$$since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_{\sigma _{\mathcal {R}^\beta }} \not \in (a,b)$$\end{document}$ by the assumptions on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}^\beta $$\end{document}$. Moreover, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\xi $$\end{document}$ is a UI embedding of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\alpha ^\xi }$$\end{document}$, it follows from the Tanaka formula that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y\in (a,b)$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} U^{\lambda }(y)= & {} U^{{\alpha ^\xi }}(y) -\mathbb {E}^{\xi }\left[ L_{t_0\wedge \sigma _{\mathcal {R}^\beta }}^y\right] \;=\; U^{{\alpha ^\xi }}(y) - (v^\xi -u^\beta )(t_0,y), \end{aligned}$$\end{document}$$where the last equality follows from the assumption that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(v^{\xi ^\beta }-u^\beta )(t_0,.)=0$$\end{document}$ on \[*a*, *b*\] together with Remark [4.3](#FPar18){ref-type="sec"}. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D^2U^\lambda (dy)=\lambda (dy)$$\end{document}$, this provides by substituting in ([6.4](#Equ41){ref-type=""}) that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y \in (a,b)$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} m(dy) {=} -\frac{1}{2}D^2 U^{\lambda }(y)dy {-} \xi (dy,s \ge t_0) {=} \frac{1}{2}D^2 \left( v^\xi - u^\beta \right) (t_0,dy) + \xi (dy,s < t_0). \end{aligned}$$\end{document}$$Plugging this expression in ([6.3](#Equ40){ref-type=""}), we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {E}^{\xi }\left[ L_{t\wedge \sigma _{\mathcal {R}^\beta }}^x\right] - \mathbb {E}^{\xi }\left[ L_{t_0\wedge \sigma _{\mathcal {R}^\beta }}^x\right]= & {} \frac{1}{2}\int _{(a,b)} \mathbb {E}^{(t_0,y)}\left[ L_{t\wedge H_{a,b}}^x\right] D^2(v^\xi -u^\beta )(t_0,dy)\\&\quad {}+ \int _{[0,t]} \int _{(a,b)} \mathbb {E}^{(s\vee t_0,y)}\left[ L_{t\wedge H_{a,b}}^x\right] \xi (ds,dy). \end{aligned}$$\end{document}$$The required result now follows from the following claims involving $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta := \inf \{s \ge 0: (t-s, Y_s) \not \in [0,t-t_0]\times (a,b)\}$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _{(a,b)}\int _{[0,t]} \mathbb {E}^{(s\vee t_0,y)}\left[ L_{t\wedge H_{a,b}}^x\right] \xi (ds,dy)= & {} v^\xi (t,x)-\mathbb {E}^{x}\left[ v^\xi (t-\zeta ,Y_\zeta )\right] , \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{2}\int _{(a,b)} \mathbb {E}^{(t_0,y)}\left[ L_{t\wedge H_{a,b}}^x\right] D^2 v^\xi (t_0,dy)= & {} \mathbb {E}^{x}\left[ v^\xi (t_0,Y_\zeta )\right] -v^\xi (t_0,x), \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -\frac{1}{2}\int _{(a,b)} \mathbb {E}^{(t_0,y)}\left[ L_{t\wedge H_{a,b}}^x\right] D^2 u^\beta (t_0,dy)= & {} u^\beta (t_0,x) -u^\beta (t,x)\nonumber \\&+\, \mathbb {E}^{x}\left[ v^\xi (t-\zeta ,Y_\zeta )-v^\xi (t_0,Y_\zeta )\right] ,\nonumber \\ \end{aligned}$$\end{document}$$which we now prove.

\(i\) To prove ([6.5](#Equ42){ref-type=""}), we use Itô's formula (possibly after mollification) to get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} v^\xi (t,x) = \mathbb {E}^{x}\left[ v^\xi (t-\zeta ,Y_{\zeta })\right] + \mathbb {E}^{x}\left[ \int _0^\zeta \mathcal {L}v^\xi (t-s,Y_s) \, ds\right] . \end{aligned}$$\end{document}$$Using Lemma [5.1](#FPar20){ref-type="sec"} and writing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_\zeta (r,x,y)dy := \mathbb {P}^x(Y_r \in dy, r < \zeta )$$\end{document}$, this provides:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} v^\xi (t,x)- & {} \mathbb {E}^{x}\left[ v^\xi (t-\zeta ,Y_{\zeta })\right] \\= & {} \int _{y \in (a,b)} \int _{0}^{t-t_0} \eta (y)^2 p_{\zeta }(r,x,y) \, d r \left( -\int _0^{t-r} \xi (ds,dy)\right) \\= & {} \int _{y \in (a,b)} \int _{t_0}^t \eta (y)^2 p_\zeta (t-u,x,y) \, du \left( -\int _0^{u} \xi (ds,dy)\right) \\= & {} \int _{y \in (a,b)} \int _0^t \int _{t_0\vee s}^t \eta (y)^2 p_{\zeta }(t-u,x,y) \, du \, \xi (ds,dy)\\= & {} \int _{y \in (a,b),s \in [0, t]} \mathbb {E}^{(s\vee t_0,y)}\left[ L_{t\wedge H_{a,b}}^x\right] \, \xi (ds, dy). \end{aligned}$$\end{document}$$(ii) We next prove ([6.6](#Equ43){ref-type=""}). Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v^\xi (t_0,.)$$\end{document}$ is concave by Lemma [5.1](#FPar20){ref-type="sec"}, it follows from the Itô-Tanaka formula that:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {E}^{x}\left[ v^\xi (t_0,Y_\zeta )\right] -v^\xi (t_0,x)= & {} \frac{1}{2}\int _{(a,b)} \mathbb {E}^{x}\left[ L_\zeta ^y\right] \, D^2 v^\xi (t_0,dy)\\= & {} \frac{1}{2}\int _{(a,b)} \mathbb {E}^{(t_0,y)}\left[ L_{t \wedge H_{a,b}}^x\right] \, D^2 v^\xi (t_0,dy), \end{aligned}$$\end{document}$$where the last equality follows from Lemma [6.1](#FPar34){ref-type="sec"} together with a coordinate shift.

\(iii\) Finally we turn to ([6.7](#Equ44){ref-type=""}). Recall that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^{\beta }= v^\xi +w^{\beta }$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[t_0,\infty ]\times \{a,b\}\subset \mathcal {R}^\beta $$\end{document}$. Then, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y_{\zeta } \in \{a,b\}$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\zeta < t-t_0\}$$\end{document}$, we have:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u^{\beta }(t-\zeta ,Y_\zeta )= & {} u^{\beta }(t_0 ,Y_\zeta )\mathbf{1}_{\{\zeta =t-t_0\}} + \left( v^\xi (t-\zeta ,Y_\zeta )+w^{\beta }(Y_{\zeta })\right) \mathbf{1}_{\{\zeta<t-t_0\}}\\= & {} u^{\beta }(t_0,Y_\zeta ) \mathbf{1}_{\{\zeta =t-t_0\}} +\left( v^\xi (t-\zeta ,Y_\zeta )+w^{\beta }(Y_{\zeta })\right) \mathbf{1}_{\{\zeta<t-t_0\}} \\&\qquad \qquad \qquad {} + \left( v^\xi (t-\zeta ,Y_\zeta ) - v^\xi (t_0,Y_\zeta )\right) \mathbf{1}_{\{\zeta = t-t_0\}}\\= & {} u^{\beta }(t_0,Y_\zeta )\mathbf{1}_{\{\zeta =t-t_0\}} + v^\xi (t-\zeta ,Y_\zeta )-v^\xi (t_0,Y_\zeta )\\&\qquad \qquad \qquad {} + \left( w^{\beta }(Y_{\zeta }) + v^\xi (t_0,Y_\zeta )\right) \mathbf{1}_{\{\zeta <t-t_0\}}\\= & {} u^{\beta }(t_0,Y_\zeta )+v^\xi (t-\zeta ,Y_\zeta ) - v^\xi (t_0,Y_\zeta ). \end{aligned}$$\end{document}$$We next use the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[0,\infty ]\times (a,b)$$\end{document}$ does not intersect $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}^\beta $$\end{document}$ to compute for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in (a,b)$$\end{document}$ that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u^\beta (t,x)= & {} \mathbb {E}^{x}\left[ u^{\beta }(t-\zeta ,Y_\zeta )\right] \\= & {} \mathbb {E}^{x}\left[ u^{\beta }(t_0,Y_\zeta )+\left( v^\xi (t-\zeta ,Y_\zeta ) - v^\xi (t_0,Y_\zeta )\right) \right] \\= & {} u^{\beta }(t_0,x) + \frac{1}{2}\mathbb {E}^{x}\left[ \int _{(a,b)} L^y_\zeta D^2 u^{\beta }(t_0,dy)\right] \\&+\,\mathbb {E}^{x}\left[ v^\xi (t-\zeta ,Y_\zeta ) - v^\xi (t_0,Y_\zeta )\right] , \end{aligned}$$\end{document}$$by application of the Itô-Tanaka formula, due to the concavity of the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^\beta (t,.)$$\end{document}$, as established in Lemma [5.5](#FPar27){ref-type="sec"}. We finally conclude from Lemma [6.1](#FPar34){ref-type="sec"}/[B.1](#FPar57){ref-type="sec"} that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u^\beta (t,x)= & {} u^{\beta }(t_0,x) + \frac{1}{2}\int _{(a,b)} \mathbb {E}^{(t_0,y)}\left[ L_{t \wedge H_{a,b}}^x\right] \, D^2 u^\beta (t_0,dy)\\&+\,\mathbb {E}^{x}\left[ v^\xi (t-\zeta ,Y_\zeta ) - v^\xi (t_0,Y_\zeta )\right] . \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

The case of finitely supported measures {#Sec16}
---------------------------------------

We now start the proof of Theorem [4.1](#FPar14){ref-type="sec"} for a (relatively) finitely supported probability measure $\documentclass[12pt]{minimal}
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### Lemma 6.4 {#FPar39}
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The case of locally finitely supported measures {#Sec17}
-----------------------------------------------
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### Proof {#FPar44}
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### Proposition 6.7 {#FPar45}
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### Proof {#FPar46}
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The general case {#Sec18}
================
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Lemma 7.1 {#FPar47}
---------
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Proof {#FPar48}
-----
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-----
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Lemma 7.3 {#FPar51}
---------
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Proof {#FPar52}
-----
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Proofs of the optimality results {#Sec19}
================================

We prove here the results announced in Sect. [3.2](#Sec8){ref-type="sec"}. We start by establishing the required pathwise inequality.

Proof of Lemma 3.4 {#FPar53}
------------------
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To be able to take expectations in the pathwise inequality when applied to the stopped diffusion, we need to establish suitable (sub)martingale properties. These are isolated in the following lemma.

Lemma A.1 {#FPar54}
---------
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Proof {#FPar55}
-----
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Proof of Theorem 3.3 {#FPar56}
--------------------

Finally, we complete the proof of the main result in Sect. [3.2](#Sec8){ref-type="sec"}. First, by monotone convergence arguments and since $\documentclass[12pt]{minimal}
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Extension to continuous Markov local martingales {#Sec20}
================================================

The following statement extends Lemma [6.1](#FPar34){ref-type="sec"} to a class of continuous Markov local martingales.

Lemma B.1 {#FPar57}
---------
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Proof {#FPar58}
-----
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Indeed, we were made aware of this paper only in the final stages of completing this work.

See the proof of Lemma [5.1](#FPar20){ref-type="sec"} below for a suitable argument.

Given its importance, we have discussed this result with many colleagues. Our first proof used an explicit formula for the density $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}_c^x\big [B_s\in \text {d}y,s<H_{0,c}\big ]=p_c(s,x,y)dy$$\end{document}$, see Proposition 2.8.10 p. 98 in Karatzas and Shreve \[[@CR25]\] The current proof uses a clever coupling trick devised by Tigran Atoyan.
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